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®ª § ­®, çâ® à §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª ä®à¬¨à®¢ -
­¨î ¢®«­ë .  à ««¥«ì­® à §¢¨¢ ¥âáï ª®­¢¥àá¨ï ¢®«­ë ­  ¢®§¬ãé¥­¨¨





,  = 1; 2; 3:::.  §¢¨â¨¥ á¨«ì­®© áâ®å áâ¨ç¥áª®© ­¥ãáâ®©ç¨¢®áâ¨
¤¢¨¦¥­¨ï í«¥ªâà®­®¢ ¯« §¬ë ¢ à ©®­¥ ®¡« áâ¥© § å¢ â  £ à¬®­¨ª ª®­¢¥àá¨¨
¯à¨¢®¤¨â ª § âãå ­¨î í«¥ªâà¨ç¥áª®£® ¯®«ï. à¨ ¬ «ëå ~n=n
o
ª®­¢¥àá¨ï ¨ § -
âãå ­¨¥ ¯à ªâ¨ç¥áª¨ ­¥ ¨£à îâ à®«¨ ¨ ¢®«­   ¨¬¥¥â ª¢ §¨áâ æ¨®­ à­ë©
å à ªâ¥à. à¨ ~n=n
o
 0:1 ª®­¢¥àá¨ï ¨ § âãå ­¨¥ ¨£à îâ áãé¥áâ¢¥­­ãî à®«ì,
­® ¢®«­   á®åà ­ï¥âáï ¢ â¥ç¥­¨¥ ¤«¨â¥«ì­®£® ¢à¥¬¥­¨, å®âï ¥¥  ¬¯«¨âã¤ 
¯®áâ¥¯¥­­® ¯ ¤ ¥â. ®¤ã«ïæ¨®­­ ï ­¥ãáâ®©ç¨¢®áâì ­¥ à §¢¨¢ ¥âáï.
The instability of cold electron beam
in inhomogeneous plasma. V.
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). was studied in numerical experiments
(PIC { method).
It was shown that the evolution of the beam{plasma instability leads to the
formation of the BGK-wave. The evolution of the instability is followed by the
conversion of the wave on the density perturbation, which leads to the excitation of




,  = 1; 2; 3:::. The evolution of the large scale
stochasticity of the plasma electrons motion in the region of the trapping regions
of the conversion modes leads to the damping of the electric eld. If ~n=n
o
is small
the conversion and the damping doesn't play any essential role and the BGK-wave
is quasistationary. If ~n=n
o
 0:1 the conversion and the damping are essential, but
the BGK-wave with gradually decreasing amplitude still exists during a rather long
time. The modulational instability is not excited.
c
­áâ¨âãâ ï¤¥à­®© ä¨§¨ª¨ ¨¬. ..ã¤ª¥à   
 ­ áâ®ïé¥© à ¡®â¥ ®¯¨á ­ë ç¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë (¬¥â®¤ ç áâ¨æ
¢ ïç¥©ª å) ¯® ¨áá«¥¤®¢ ­¨î ­¥ãáâ®©ç¨¢®áâ¨ å®«®¤­®£® ¯ãçª  í«¥ªâà®­®¢
¡®«ìè®© áª®à®áâ¨ ¨ ¬ «®© ¯«®â­®áâ¨ ¢ ¯« §¬¥ á ¢®§¬ãé¥­¨¥¬ ¯«®â­®áâ¨
(¨®­­®-§¢ãª®¢®© ¢®«­®©).
 ­¥¥ ¨áá«¥¤®¢ « áì ­¥ãáâ®©ç¨¢®áâì â ª®£® ¯ãçª  ¢ ®¤­®à®¤­®© ¯« §-
¬¥ á ¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ (M=m = 10
2
) [1]. ë«® ¯®ª § ­®, çâ® ­ ç «ì­ ï
áâ ¤¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¯ãç®ª-¯« §¬  ®¯à¥¤¥«ï¥âáï ¯ãçª®¢®© ­¥ãáâ®©ç¨-
¢®áâìî, ª®â®à ï ¯à¨¢®¤¨â ª à §¢¨â¨î «¥­£¬îà®¢áª®© ¢®«­ë { £ à¬®­¨ª¨
á ¬ ªá¨¬ «ì­ë¬ ¨­ªà¥¬¥­â®¬. ¥«¨­¥©­ ï áâ ¤¨ï íâ®© ­¥ãáâ®©ç¨¢®áâ¨
®¯à¥¤¥«ï¥âáï § å¢ â®¬ í«¥ªâà®­®¢ ¯ãçª .  á«ãç ¥ ¯ãçª  ¬ «®© ¯«®â-
­®áâ¨, ª®£¤  ­¥â á â¥««¨â­®© ­¥ãáâ®©ç¨¢®áâ¨ [1], à §¢¨â¨¥ ¯ãçª®¢®© ­¥-
ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª "à §¬¥è¨¢ ­¨î"í«¥ªâà®­®¢ ¯ãçª  ­  ä §®¢®©
¯«®áª®áâ¨ ¨ ª ä®à¬¨à®¢ ­¨î ª¢ §¨áâ æ¨®­ à­®© ¢®«­ë .
 ­¥¥ ¨áá«¥¤®¢ « áì ª®­¢¥àá¨ï «¥­£¬îà®¢áª®© ¢®«­ë ¯à¨ ¢§ ¨¬®¤¥©-
áâ¢¨¨ á á¨­ãá®¨¤ «ì­ë¬ ¢®§¬ãé¥­¨¥¬ ¯«®â­®áâ¨ (¨®­­®-§¢ãª®¢®© ¢®«­®©
¢ ¯« §¬¥ á ¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨) [2,3,4]. ë«® ¯®ª § ­®, çâ® ª®­¢¥àá¨ï
¯à¨¢®¤¨â ª ¢®§¡ã¦¤¥­¨î £ à¬®­¨ª { ¯àï¬ëå ¨ ®¡à â­ëå «¥­£¬îà®¢-











;  = 1; 2; 3:::, çâ® íª¢¨¢ «¥­â­® ¬®¤ã«ïæ¨¨ ¢®«­ë. ª®-
à®áâì à §¢¨â¨ï ª®­¢¥àá¨¨ à áâ¥â á à®áâ®¬  ¬¯«¨âã¤ë ¢®§¬ãé¥­¨ï ~n=n
o
.
 §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¢ ¯« §¬¥ á ¢®§¬ãé¥­¨¥¬ ¯«®â­®-
áâ¨ ¨áá«¥¤®¢ «®áì ¢ á«ãç ïå á ­¥¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨, çâ®¡ë ¢ë¤¥«¨âì
¯¥à¢¨ç­ë¥ ¯à®æ¥ááë, á¢ï§ ­­ë¥ á ¢®§¬ãé¥­¨¥¬ [5,6,7]. ë«® ­ ©¤¥­®,
çâ® ¢® ¢á¥å á«ãç ïå ­ ç «ì­ ï áâ ¤¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ¯ãç®ª-¯« §¬ , â ª
¦¥, ª ª ¢ á«ãç ¥ ®¤­®à®¤­®© ¯« §¬ë, ®¯à¥¤¥«ï¥âáï ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®-
áâìî ¨ § å¢ â®¬ í«¥ªâà®­®¢ ¯ãçª  ¢®§¡ã¦¤ îé¥©áï ¢®«­®©.  à ««¥«ì-
­® ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ à §¢¨¢ ¥âáï ª®­¢¥àá¨ï ¢®«­ë ­  ¢®§¬ãé¥-
­¨¨ ¯«®â­®áâ¨. ¢¨¦¥­¨¥ § å¢ ç¥­­ëå í«¥ªâà®­®¢ ¯à¨¢®¤¨â ª áâ ¡¨«¨-
§ æ¨¨ ¢®«­ë ¨ ¯®¤ ¢«ï¥â ª®­¢¥àá¨î. à¨ ¬ «ëå ¢®§¬ãé¥­¨ïå ¯«®â­®áâ¨
~n=n
o
 0:05, ª®£¤  áª®à®áâì ª®­¢¥àá¨¨ ¬¥­ìè¥ áª®à®áâ¨ à §¢¨â¨ï § å¢ â 
í«¥ªâà®­®¢,  ¬¯«¨âã¤  £ à¬®­¨ª ª®­¢¥àá¨¨ ®áâ ¥âáï ¬ «®© ¨ ª®­¢¥àá¨ï
3
¯à ªâ¨ç¥áª¨ ­¥ ¢«¨ï¥â ­  à §¢¨â¨¥ ­¥ãáâ®©ç¨¢®áâ¨.  à¥§ã«ìâ â¥ "à §-
¬¥è¨¢ ­¨¥"§ å¢ ç¥­­ëå í«¥ªâà®­®¢, â ª ¦¥, ª ª ¢ á«ãç ¥ ®¤­®à®¤­®©




áª®à®áâì à §¢¨â¨ï ª®­¢¥àá¨¨ ¨  ¬¯«¨âã¤ë £ à-
¬®­¨ª ª®­¢¥àá¨¨ à áâãâ.  à ©®­¥ ®¡« áâ¥© § å¢ â  íâ¨å £ à¬®­¨ª à §-
¢¨¢ ¥âáï á¨«ì­ ï áâ®å áâ¨ç¥áª ï ­¥ãáâ®©ç¨¢®áâì ¤¢¨¦¥­¨ï í«¥ªâà®­®¢
¯« §¬ë, çâ® ¯à¨¢®¤¨â ª § âãå ­¨î ¯®«ï.  à ««¥«ì­® ä®à¬¨àã¥âáï
¢®«­  . à¨ ~n=n
o
= 0:10 ¯®á«¥ á¡à®á  ç áâ¨ í­¥à£¨¨ ä®à¬¨àã¥âáï
¯à ªâ¨ç¥áª¨ ª¢ §¨áâ æ¨®­ à­ ï ¢®«­  ,   ¯à¨ ~n=n
o
 0:20  0:40
- ¬¥¤«¥­­® § âãå îé ï ¢®«­   [6].  à ¬¥âàë ¢®«­ë  ¢ íâ¨å
á«ãç ïå §­ ç¨â¥«ì­® ®â«¨ç îâáï ®â á«ãç ï ®¤­®à®¤­®© ¯« §¬ë [1].
 ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ã¥âáï à §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨





á«ãç ïå á ¯ à ¬¥âà ¬¨ ¯ãçª  ¨ ¨®­­®-§¢ãª®¢®© ¢®«­ë â ª¨¬¨ ¦¥, ª ª
¢ à ¡®â å [1,5,6]. à¨ íâ®¬ ¯ à ¬¥âàë ¯ãçª  ¨ á¨áâ¥¬ë ¢ë¡à ­ë â ª,
çâ®¡ë ¨áª«îç¨âì ¢®§¡ã¦¤¥­¨¥ á â¥««¨â­®© ­¥ãáâ®©ç¨¢®áâ¨ [1].
 ©¤¥­®, çâ® ¢ à áá¬ âà¨¢ ¥¬ëå á«ãç ïå, ª®£¤  § ¤ ¥âáï ¯ãç®ª ¬ -
«®© ¯«®â­®áâ¨, à §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¬ «® ®â«¨ç ¥âáï ®â
á«ãç ï ¯« §¬ë á ­¥¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ [5,6]. à¨ ¬ «ëå ~n=n
o
 0:05
à §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª ä®à¬¨à®¢ ­¨î ¯à ªâ¨-
ç¥áª¨ ª¢ §¨áâ æ¨®­ à­®© ¢®«­ë , â ª ¦¥, ª ª ¢ á«ãç ¥ ®¤­®à®¤­®©
¯« §¬ë [1]. ®­¢¥àá¨ï ¢ íâ¨å á«ãç ïå ¯®¤ ¢«¥­  ¨ ­¥ ¨£à ¥â áãé¥áâ¢¥­-
­®© à®«¨. à¨ ~n=n
o
 0:10 â ª¦¥ ä®à¬¨àã¥âáï ¢®«­  , ®¤­ ª®, ª®­-
¢¥àá¨ï ¨£à ¥â ¡®«¥¥ áãé¥áâ¢¥­­ãî à®«ì ¨ â ª ¦¥, ª ª ¢ á«ãç ïå à ¡®âë
[6], ¯à¨¢®¤¨â ª ¬¥¤«¥­­®¬ã § âãå ­¨î ¢®«­ë .
¨ ¢ ®¤­®¬ ¨§ à áá¬®âà¥­­ëå á«ãç ¥¢ ­¥ à §¢¨¢ ¥âáï ¬®¤ã«ïæ¨®­­ ï
­¥ãáâ®©ç¨¢®áâì.  ¡«î¤ ¥âáï â®«ìª® ®¤¨­ ­®¢ë© ¯à®æ¥áá { ãªàãç¥­¨¥
¨®­­®-§¢ãª®¢®© ¢®«­ë ¨ § å¢ â ¥î ¨®­®¢. â®â ¯à®æ¥áá ¯à®ï¢«ï¥âáï ¯à¨
¡®«ìè¨å ¢®§¬ãé¥­¨ïå ¯«®â­®áâ¨ ~n=n
o
 0:10 ¨ ¯à¨¢®¤¨â ª ­¥¡®«ìè®¬ã
¨§¬¥­¥­¨î à §¢¨â¨ï ­¥ãáâ®©ç¨¢®áâ¨.
¨á«¥­­ë© íªá¯¥à¨¬¥­â ¢ë¯®«­ï¥âáï ¬¥â®¤®¬ ç áâ¨æ ¢ ïç¥©ª å.  á-
á¬ âà¨¢ ¥âáï ®¤­®¬¥à­ ï á¨áâ¥¬  ¤«¨­®© L=r
d
= 100 á ¯¥à¨®¤¨ç¥áª¨¬¨
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. «ï í«¥ªâà®­®¢ ¨ ¨®­®¢ ¯« §¬ë § ¤ ñâáï ¬ ªá-
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- â¥¯«®¢ ï í­¥à£¨ï í«¥ªâà®­®¢ ¯« §¬ë).





¯à¨¬¥­ï¥âáï ¬¥â®¤ "¢§¢¥è¨¢ ­¨ï". "§¢¥è¨¢ -
­¨¥"íª¢¨¢ «¥­â­® â®¬ã çâ® ®¤¨­ í«¥ªâà®­ ¤à®¡¨âáï ­   ç áâ¨æ á ¬ áá®©
m= ¨ § àï¤®¬ e=, ­® á â¥¬ ¦¥ ®â­®è¥­¨¥¬ e=m ª ª ã í«¥ªâà®­ .  à á-




= 1  10
4
.
«ï á®ªà é¥­¨ï ¢à¥¬¥­¨ áç¥â  ¢ ­ ç «ì­ë© ¬®¬¥­â § ¤ ¥âáï § âà -








) = 1 á ¤«¨­®©
¢®«­ë =r
d
= 100, á®®â¢¥âáâ¢ãîé¥© £ à¬®­¨ª¥ á ¬ ªá¨¬ «ì­ë¬ ¨­ªà¥-














= 3. ¥à¢ë© ¬ ªá¨¬ã¬ ¯«®â­®áâ¨ ­ å®¤¨âáï ­ 
x = 0. ¬¯«¨âã¤  ¢®«­ë à §«¨ç­  ¢ à §­ëå á«ãç ïå:




 à ¬¥âàë ¯ãçª  ¨ ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ¢ á«ãç ïå 2¬, 3¬, 4¬ â¥
¦¥, çâ® ¢ á«ãç ïå 2, 3, 4 ¢ à ¡®â¥ [5, 6] á®®â¢¥âáâ¢¥­­®, â ª çâ® íâ¨





 ¤ ¥âáï 100 ¯à®¡­ëå ç áâ¨æ (e = m = 0, e=m â® ¦¥, çâ® ¨ ã í«¥ªâà®-
­ ). à®á«¥¦¨¢ ¥âáï 18 âà ¥ªâ®à¨© ¯à®¡­ëå ç áâ¨æ ­  ä §®¢®© ¯«®áª®-













 0100.  §®¢ë¥ ¯«®áª®áâ¨ ¯à¨¢®¤ïâáï ¤«ï â¨¯¨ç­®£®








­ë¥ ¢ ¨­â¥à¢ «¥ x=r
d











=  2:84 (­¨¦­ïï £à ­¨æ  ¯« §¬ë),






®¤à®¡­®áâ¨ ¯®áâ ­®¢ª¨ ¨ ®¯¨á ­¨ï ç¨á«¥­­®£® íªá¯¥à¨¬¥­â  ¯à¨¢¥-
¤¥­ë ¢ à ¡®â å [1,5].
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= 0:05 (á«ãç © 2¬), 0:10 (á«ãç © 3¬) ¨ 0.20 (á«ãç ©
4¬).
à¨¢ë¥, ®¯¨áë¢ îé¨¥ á«ãç © 2¬ ¯à¨¢¥¤¥­ë ­  ¨á.1 7, á«ãç © 3¬
{ ­  ¨á.8  14, á«ãç © 4¬ { ­  ¨á.15  23. «ï ª ¦¤®£® á«ãç ï ¯®ª -













{ â¥¯«®¢ ï í­¥à£¨ï í«¥ªâà®-












= 1 ¨ £ à¬®-
­¨ª; ä §®¢ë¥ ¯«®áª®áâ¨ í«¥ªâà®­®¢ ¢ à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨; äã­ªæ¨¨
à á¯à¥¤¥«¥­¨ï í«¥ªâà®­®¢ ¯« §¬ë f
e
(V ) ¨ ¯ãçª  (b-í«¥ªâà®­®¢) f
b
(V ) ¯®
áª®à®áâ¨, ­®à¬¨à®¢ ­­ë¥ ­  á¢®© ¬ ªá¨¬ã¬ f
max
¨«¨ ¬ ªá¨¬ã¬ ­ ç «ì-
­®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï f
omax
, ¢ «¨­¥©­®¬ ¨ «®£ à¨ä¬¨ç¥áª®¬ ¬ á-
èâ ¡¥; à á¯à¥¤¥«¥­¨¥ ¯®«ï E(x), ¯«®â­®áâ¨ ¯« §¬ë ~n(x) ¨ ¯«®â­®áâ¨
í«¥ªâà®­®¢ ¯ãçª  ~n
b





(t),   ¤«ï á«ãç ï 4¬, ªà®¬¥ â®£®, § ¢¨á¨¬®áâì ®â










- â¥¯«®¢ ï í­¥à£¨ï ¨®­®¢) ¨
ä §®¢ë¥ ¯«®áª®áâ¨ ¨®­®¢ ¢ à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨.
à ¢­¥­¨¥ ªà¨¢ëå W (t) (¨á.1,9,15), E
I
(t) (¨á.2,10,16), ä §®¢ëå
¯«®áª®áâ¥© í«¥ªâà®­®¢ ¢ t=T
oe
= 20 (¨á.4,12,18) ¢ á«ãç ïå 2¬-4¬ ¯®-
ª §ë¢ ¥â, çâ® ¨ ¢ íâ¨å á«ãç ïå ­ ç «ì­ ï áâ ¤¨ï ®¯à¥¤¥«ï¥âáï ¯ãçª®¢®©
­¥ãáâ®©ç¨¢®áâìî ¨ § å¢ â®¬ í«¥ªâà®­®¢ ¯ãçª . ¥©áâ¢¨â¥«ì­®, ¯® ªà¨-
¢ë¬ E
I
(t) (¨á.2,10,16) ¢¨¤­®, çâ® ¢® ¢á¥å á«ãç ïå ¢®§¡ã¦¤ ¥âáï ®á­®¢-
­ ï ¢®«­  { £ à¬®­¨ª  á ¬ ªá¨¬ «ì­ë¬ ¨­ªà¥¬¥­â®¬N
e
= 1. ¬¯«¨âã¤ 
¢®«­ë ¯à®å®¤¨â ç¥à¥§ ¬ ªá¨¬ã¬ ¢ t = t
I
max
,   ¤ «¥¥ ¬¥­ï¥âáï á ¯¥à¨®¤®¬
T=T
oe
 6, á®®â¢¥âáâ¢ãîé¨¬ ¯¥à¨®¤ã ®¡®à®â  § å¢ ç¥­­ëå ç áâ¨æ. 





























¢ t = t
max
(®â¬¥â¨¬ çâ® t, ª®£¤  ¤®áâ¨£ îâáï ¬ ªá¨¬ã¬ë ªà¨¢ëå
W (t), ­¥¬­®£® ®â«¨ç îâáï ®â t
I
max
¨ à §«¨ç îâáï ¬¥¦¤ã á®¡®©, ¥á«¨ ¥áâì
§ âãå ­¨¥).
§ â ¡«¨æë 1 ¢¨¤­®, çâ® á«ãç ¨ 2¬-4¬ ­¥§­ ç¨â¥«ì­® ®â«¨ç îâáï
®â á«ãç ï 1-1 [1] ¯ãçª  ¢ ®¤­®à®¤­®© ¯« §¬¥. â® ¯®ª §ë¢ ¥â, çâ® ¢
¨­â¥à¢ «¥ ¢à¥¬¥­¨ t  0  t
I
max
®¯à¥¤¥«ïîéãî à®«ì ¨£à ¥â ¯ãçª®¢ ï
















(t) ¨«¨ W (t).
«ãç © 1  1[1] 2¬ 3¬ 4¬
~n=n
o
























































{ ¬ ªá¨¬ «ì­ ï  ¬¯«¨âã¤  ¢®«­ë N
e
= 1 ¢ t = t
I
max



















) { ¯®â¥à¨ í­¥à£¨¨ í«¥ªâà®­®¢ ¯ãçª ; W
E

















= 1:297 { ­ ç «ì­ ï
í­¥à£¨ï í«¥ªâà®­®¢ ¯ãçª .
 à ««¥«ì­® á ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâìî à §¢¨¢ ¥âáï ª®­¢¥àá¨ï
®á­®¢­®© ¢®«­ë N
e
= 1 ­  ¢®§¬ãé¥­¨¨ ¯«®â­®áâ¨. ®­¢¥àá¨ï ¯à¨¢®-
¤¨â ª ¢®§¡ã¦¤¥­¨î ¯àï¬ëå ¨ ®¡à â­ëå «¥­£¬îà®¢áª¨å ¢®«­ á ­®¬¥à ¬¨




;  = 1; 2; 3:::.  â ¡«¨æ¥ 2 ¯à¨¢¥¤¥­ë ­®¬¥-
à  £ à¬®­¨ª (§­ ª®¬ "-"®¡®§­ ç¥­ë ®¡à â­ë¥ ¢®«­ë), ¨å ¤«¨­ë ¢®«­ ¨
ä §®¢ë¥ áª®à®áâ¨ ¤«ï á«ãç ¥¢ 2¬-4¬.
 ¡«¨æ  2.

















 1 2 3 4 1 2 3 4 5











4:34 2:86 2:35 2:12  8:15  3:62  2:64  2:26  2:07
N = L=
N
, { ­®¬¥à £ à¬®­¨ª¨ ª®­¢¥àá¨¨; 
N








à¨ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨, ª®£¤   ¬¯«¨âã¤  ®á­®¢­®© ¢®«­ë ¬¥-
­ï¥âáï ¢® ¢à¥¬¥­¨, ¨§¬¥­¥­¨¥  ¬¯«¨âã¤ë £ à¬®­¨ª ª®­¢¥àá¨¨ ®¯à¥¤¥«ï-
¥âáï ª ª á®¡áâ¢¥­­® ª®­¢¥àá¨¥©, â ª ¨ ¨§¬¥­¥­¨¥¬  ¬¯«¨âã¤ë ®á­®¢­®©
¢®«­ë.  §¢¨â¨¥ ª®­¢¥àá¨¨ ¯à¨ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¢ ¯« §¬¥ á ­¥-
¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ ¯®¤à®¡­® à áá¬®âà¥­® ¢ à ¡®â å [5,6].
  ¨á.3,11,17 ¯®ª § ­  § ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ®á­®¢­ëå




¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã¤ë íâ¨å £ à¬®­¨ª.
 ¡«¨æ  3.
¬¯«¨âã¤ë ®á­®¢­ëå £ à¬®­¨ª ª®­¢¥àá¨¨ N = ( 2); 4; ( 5) ¨ 7 ¢
¯¥à¢®¬ ¬ ªá¨¬ã¬¥ ªà¨¢®© E
N
(t).


























































ª®à®áâì ª®­¢¥àá¨¨ ¢®§à áâ ¥â ¯à¨ ã¢¥«¨ç¥­¨¨  ¬¯«¨âã¤ë ¢®§¬ãé¥-
­¨ï ¯«®â­®áâ¨ ~n=n
o
[5], á®®â¢¥âáâ¢¥­­® à áâãâ ¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã-
¤ë £ à¬®­¨ª ª®­¢¥àá¨¨ (â ¡«¨æ  3). à ¢­¥­¨¥ â ¡«¨æë 3 á â ¡«¨æ ¬¨






¢ á«ãç ïå 2¬-4¬ ¬ «® ®â-
«¨ç îâáï ®â á«ãç ¥¢ 2-4 [6]. â® ¯®ª §ë¢ ¥â, çâ® ­  ­ ç «ì­®© áâ ¤¨¨
¯à®æ¥ááë, á¢ï§ ­­ë¥ á ¯®¤¢¨¦­®áâìî ¨®­®¢, ­¥ ¨£à îâ áãé¥áâ¢¥­­®©
à®«¨.
 ª ¯®ª § ­® ¢ à ¡®â¥ [6], ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ­¥ãáâ®©ç¨¢®áâ¨ ¨
ª®­¢¥àá¨¨ ®¯à¥¤¥«ï¥âáï § å¢ â®¬ í«¥ªâà®­®¢ ¯« §¬ë £ à¬®­¨ª ¬¨ ª®­-
¢¥àá¨¨ ¨ à §¢¨â¨¥¬ á¨«ì­®© áâ®å áâ¨ç¥áª®© ­¥ãáâ®©ç¨¢®áâ¨ ¤¢¨¦¥­¨ï
í«¥ªâà®­®¢ ¢ à ©®­¥ ®¡« áâ¥© § å¢ â  íâ¨å £ à¬®­¨ª. â®â ¯à®æ¥áá ¯à¨-
¢®¤¨â ª § âãå ­¨î í«¥ªâà¨ç¥áª®£® ¯®«ï ¨ ¯®£«®é¥­¨î ¥£® í­¥à£¨¨ í«¥ª-
âà®­ ¬¨ ¯« §¬ë. â¨ ¯à®æ¥ááë ­ ¡«î¤ îâáï ¨ ¢ á«ãç ïå 2¬-4¬. ¥©-
8
áâ¢¨â¥«ì­®, ¯® ªà¨¢ë¬ W (t) (¨á.1,9,15) ¢¨¤­® §­ ç¨â¥«ì­®¥ § âãå ­¨¥
¢ á«ãç ïå 3¬, 4¬.
 à ««¥«ì­® á íâ¨¬¨ ¯à®æ¥áá ¬¨ ¨¤¥â "à §¬¥è¨¢ ­¨¥"b-í«¥ªâà®­®¢
­  ä §®¢®© ¯«®áª®áâ¨ ¨ ä®à¬¨àã¥âáï ¢®«­  , çâ® ¢¨¤­® ¯® ä §®-
¢ë¬ ¯«®áª®áâï¬ í«¥ªâà®­®¢ (¨á.4,12,18). â® ¯à¨¢®¤¨â ª áâ ¡¨«¨§ æ¨¨
¢®«­ë ¨ ¯à¥¯ïâáâ¢ã¥â ¥¥ ¬®¤ã«ïæ¨¨, çâ® ¯à¨¢®¤¨â ª ¯®¤ ¢«¥­¨î ª®­-
¢¥àá¨¨, â ª çâ® ¤ «ì­¥©è¥¥ à §¢¨â¨¥ ®¯à¥¤¥«ï¥âáï áà ¢­¨â¥«ì­®© áª®-
à®áâìî "à §¬¥è¨¢ ­¨ï"¨ § âãå ­¨ï.
 áá¬®âà¨¬ ¯®¤à®¡­¥¥ á«ãç © 2¬ á ~n=n
o
= 0:05.  íâ®¬ á«ãç ¥ ®¯à¥-
¤¥«ïîéãî à®«ì ¨£à ¥â "à §¬¥è¨¢ ­¨¥"¨ ä®à¬¨à®¢ ­¨¥ ¢®«­ë ,
  § âãå ­¨¥ ­¥¢¥«¨ª® (¨á.1) ¨§-§  áà ¢­¨â¥«ì­® ­¥¡®«ìè¨å  ¬¯«¨âã¤
£ à¬®­¨ª ª®­¢¥àá¨¨.  à¥§ã«ìâ â¥ áà¥¤­ïï  ¬¯«¨âã¤  ®á­®¢­®© ¢®«­ë
N
e




t  1260) ®áâ ¥âáï ¯®çâ¨ ¯®áâ®ï­­®© (¨á.2). 
â ¡«¨æ¥ 4 ¯à¨¢¥¤¥­ë áà¥¤­¨¥  ¬¯«¨âã¤ë E
I
áà










§ â ¡«¨æë 4 ¢¨¤­®, çâ® á«ãç © 2¬ ­¥§­ ç¨â¥«ì­® ®â«¨ç ¥âáï ®â
á«ãç ï 1-1[1] ¯ãçª  ¢ ®¤­®à®¤­®© ¯« §¬¥.
 ¡«¨æ  4.
à¥¤­ïï  ¬¯«¨âã¤  ¢®«­ë N
e










«ãç © 1  1[1] 2¬ 3¬ 4¬
~n=n
o






















































¬¯«¨âã¤ë £ à¬®­¨ª ª®­¢¥àá¨¨ ª t=T
oe
 200 â ª¦¥ ãáâ ­ ¢«¨-
¢ îâáï ­  ­¥ª®â®à®¬ áà¥¤­¥¬ ãà®¢­¥, å®âï ­¥ª®â®àë¥ ¨§ ­¨å (­ ¯à¨-
¬¥à, N = 4) § ¬¥â­® ¬¥­ïîâáï ®â­®á¨â¥«ì­® íâ®£® ãà®¢­ï (¨á.3).
9
à¥¤­¨¥ ¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã¤ë ®á­®¢­ëå £ à¬®­¨ª ª®­¢¥àá¨¨ ¢
t=T
oe
 180 200 ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 5.
 ¡«¨æ  5.
à¥¤­¨¥ ¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã¤ë ¢®«­ë N
e
= 1 ¨ £ à¬®­¨ª
ª®­¢¥àá¨¨ N
e
= ( 2); 4; ( 5) ¨ 7 ¢ t=T
oe
 180 200.



















































§ â ¡«¨æë 5 ¨ ¨á.2 ¢¨¤­®, çâ® ¢ á«ãç ¥ 2¬  ¬¯«¨âã¤ë £ à¬®­¨ª
ª®­¢¥àá¨¨ ®áâ îâáï ¬ «ë¬¨ ¯® áà ¢­¥­¨î á  ¬¯«¨âã¤®© ¢®«­ë N
e
= 1.






=  2:84; 0 ¨ 2:84 ­  ä §®¢®© ¯«®áª®áâ¨ ¯®ª §ë¢ ¥â, çâ® ¢ ¯« §¬¥
ä®à¬¨àã¥âáï âà¨ ®¡« áâ¨ áâ®å áâ¨ç¥áª®£® ¤¢¨¦¥­¨ï: ¢ à ©®­¥ ®¡« áâ¥©
§ å¢ â  £ à¬®­¨ª ª®­¢¥àá¨¨ á V
N
ä
> 0 ¨ á V
N
ä
< 0,   â ª¦¥ ¢ à ©®-
­¥ ®¡« áâ¥© § å¢ â  ¨®­­®-§¢ãª®¢®© ¢®«­ë (®¡à §®¢ ­¨¥ áâ®å áâ¨ç¥áª¨å
®¡« áâ¥© ¡®«¥¥ ¯®¤à®¡­® à áá¬®âà¥­® ¢ à ¡®â å [6,7]). à ­¨æë íâ¨å
®¡« áâ¥© ¬®¦­® ®æ¥­¨âì ¯® ¬ ªá¨¬ «ì­ë¬ ¨ ¬¨­¨¬ «ì­ë¬ áª®à®áâï¬
¯à®¡­ëå ç áâ¨æ á à §­ë¬¨ V
o
N







¬ë. â¨ £à ­¨æë ¢ t=T
oe
 200 ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 6.
®¯®áâ ¢«ïï £à ­¨æë á«ãç ï 2¬ (â ¡«¨æ  6) á ä §®¢ë¬¨ áª®à®áâï-
¬¨ £ à¬®­¨ª ª®­¢¥àá¨¨ (â ¡«¨æ  2), ¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® ®¡« áâì
V > 0 ®¯à¥¤¥«ï¥âáï á¨«ì­®© áâ®å áâ¨ç¥áª®© ­¥ãáâ®©ç¨¢®áâìî ¤¢¨¦¥-
­¨ï í«¥ªâà®­®¢ ¯« §¬ë ¢ à ©®­¥ ®¡« áâ¥© § å¢ â  £ à¬®­¨ª ª®­¢¥àá¨¨
N  4,   ®¡« áâì V < 0 { £ à¬®­¨ª N  j 8j. â¬¥â¨¬, çâ® âà¨ ®¡« áâ¨
¢ á«ãç ¥ 2¬ ­¥ ¯¥à¥á¥ª îâáï.
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¬ ªá¨¬ «ì­ ï ¨ ¬¨­¨¬ «ì­ ï áª®à®áâì í«¥ªâà®­®¢ ¯« §¬ë;
11
¥à­¥¬áï ª à áá¬®âà¥­¨î ¢®«­ë N
e
= 1. ®åà ­¥­¨¥ áà¥¤­¥©  ¬-
¯«¨âã¤ë ¢®«­ë N
e
= 1 ¯®ª §ë¢ ¥â, çâ® ¢®«­  ¨¬¥¥â áâ æ¨®­ à­ë©
å à ªâ¥à. ­ «¨§ ä §®¢ëå ¯«®áª®áâ¥© (¨á.4), äã­ªæ¨© à á¯à¥¤¥«¥­¨ï
b-í«¥ªâà®­®¢ ¯® áª®à®áâ¨ f
b
(V ) (¨á.5), à á¯à¥¤¥«¥­¨ï ¯«®â­®áâ¨ ~n
b
(x)
(¨á.6) ¯®ª §ë¢ ¥â, çâ® áä®à¬¨à®¢ ¢è ïáï ¢®«­  ï¢«ï¥âáï ¢®«­®© .
¥©áâ¢¨â¥«ì­®, ¢ t=T
oe
> 100 ¢áï ®¡« áâì § å¢ â  ¢®«­ë N
e
= 1 § ¯®«­¥-
­  b-í«¥ªâà®­ ¬¨,   ¢¨¤ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï f
b
(V ) ¨ à á¯à¥¤¥«¥­¨ï
~n
b
(x) ¢ à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ ¯®çâ¨ ­¥ ¬¥­ï¥âáï (¨«¨ ¬¥­ï¥âáï ­¥-
§­ ç¨â¥«ì­®). à¨ íâ®¬ f
b
(V ) ¨ ~n
b
(x) ¬ «® ®â«¨ç îâáï ®â á«ãç ï 1-1[1]
¯ãçª  ¢ ®¤­®à®¤­®© ¯« §¬¥.
 à ¡®â¥ [1] ¡ë«® ¯®ª § ­®, çâ® ¢®«­   N
e
= 1 ¢ á«ãç ¥ 1-1 ¨¬¥¥â
¢ æ¥­âà¥ ®¡« áâ¨ § å¢ â  ï¤à® § å¢ ç¥­­ëå ç áâ¨æ, ª®â®à®¥ ®ªàã¦¥­® ­ 
ä §®¢®© ¯«®áª®áâ¨ áâ®å áâ¨ç¥áª¨¬ á«®¥¬. à¨ íâ®¬ äã­ªæ¨ï à á¯à¥¤¥-
«¥­¨ï f
b
(V ) ¨¬¥¥â ¯¨ª ­  áª®à®áâ¨ V  V
I
ä
,   à á¯à¥¤¥«¥­¨¥ ~n
b
(x) ¯¨ª ¢
ä §¥ E(x) = 0, á®®â¢¥âáâ¢ãîé¥© ¬ ªá¨¬ã¬ã á¥¯ à âà¨áë.  ª®© ¦¥ ¢¨¤
¨¬¥îâ f
b
(V ) ¨ ~n
b
(x) ¢ á«ãç ¥ 2¬ (¨á.5,6). ­¥è­¨¥ £à ­¨æë áâ®å áâ¨ç¥-






















= 200 ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 7.
 ¡«¨æ  7.
 ªá¨¬ «ì­ë¥ ¨ ¬¨­¨¬ «ì­ë¥ áª®à®áâ¨ í«¥ªâà®­®¢ ¯ãçª  ¨
¯« §¬ë ¨ ¨®­®¢ ¢ t=T
oe
 200.
«ãç © 1  1[1] 2¬ 3¬ 4¬
~n=n
o


























































































- â¥¯«®¢ ï áª®à®áâì í«¥ª-





= 245; ¢ á«ãç ¥ 1-1[1] = 54.78)
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¢ á«ãç ïå 2¬ ¨ 1-1[1] à §«¨ç îâáï
­¥§­ ç¨â¥«ì­®. ¤¨­ ª®¢ë© å à ªâ¥à f
b
(V ) ¨ ~n
b







¢ á«ãç ïå 2¬ ¨ 1-1 ¯®§¢®«ïîâ á¤¥« âì ¢ë¢®¤, çâ® ¢®«­   ¢
á«ãç ¥ 2¬ ¨¬¥¥â â ªãî ¦¥ áâàãªâãàã, ª ª ¢ á«ãç ¥ 1-1[1]. â¬¥â¨¬,
çâ® áâ®å áâ¨ç¥áª¨© á«®© ¢®«­ë  ­¥ ¯¥à¥á¥ª ¥âáï á® áâ®å áâ¨ç¥áª®©







®¯®áâ ¢«¥­¨¥ ¨á.1-6 ¨ ¤ ­­ëå ¢ â ¡«¨æ å ¤«ï á«ãç ï 2¬ á® á«ãç -
¥¬ 2 ¯ãçª  ¢ ­¥®¤­®à®¤­®© ¯« §¬¥ á ­¥¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ [5] ¯®ª §ë¢ -
¥â, çâ® ®­¨ à §«¨ç îâáï ­¥§­ ç¨â¥«ì­®. â® ¯®ª §ë¢ ¥â, çâ® íää¥ªâë,




(t) (¨á.7) ¨ à á¯à¥¤¥«¥­¨î ¯«®â­®áâ¨ ¯« §¬ë ~n(x) ¢
à §­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ (¨á.6) ¢¨¤­®, çâ® ¢ë¤¥«¥­  â®«ìª® § ¤ ­­ ï
£ à¬®­¨ª  N
i
= 3, ¯à¨ç¥¬  ¬¯«¨âã¤  íâ®© £ à¬®­¨ª¨ ¬¥­ï¥âáï ­¥§­ ç¨-
â¥«ì­®. â® ¯®ª §ë¢ ¥â, çâ® ­¥ ­ ¡«î¤ ¥âáï à §¢¨â¨ï ¬®¤ã«ïæ¨®­­®©
­¥ãáâ®©ç¨¢®áâ¨, ª®â®à ï ¯à¨¢¥«  ¡ë ª à®áâã ¢¯ ¤¨­ ¯«®â­®áâ¨ ¨ ª®­-




à ¢¤ , ­  ªà¨¢®© ~n
III





) ¢®§¬ãé¥­¨¥ á ¯¥à¨®¤®¬ t=T
oe


























-â¥¯«®¢ ï í­¥à£¨ï ¨®­®¢) ¯®ª §ë¢ ¥â,
çâ® ¢®§¬ãé¥­¨¥ ¯«®â­®áâ¨ à §¢¨¢ ¥âáï ¢ ¯à®â¨¢®ä §¥ á ¢®§¬ãé¥­¨¥¬
í­¥à£¨¨ (áª®à®áâ¨) ¨®­®¢. â® ¯®ª §ë¢ ¥â, çâ® ¢®§¬ãé¥­¨¥ ï¢«ï¥âáï
ª®¬¯®­¥­â®© áâ®ïç¥© ¨®­­®-§¢ãª®¢®© ¢®«­ë.  ª ï ¢®«­  ¬®¦¥â ¢®§-
¡ã¤¨âìáï §  áç¥â ¢®§¬ãé¥­¨ï áª®à®áâ¥© ¨®­®¢ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï
¯®­¤¥à®¬®â®à­®© á¨«ë ­  ­ ç «ì­®© áâ ¤¨¨ à §¢¨â¨ï ®á­®¢­®© ¢®«­ë
¨ £ à¬®­¨ª ª®­¢¥àá¨¨, ª®£¤  ¨å  ¬¯«¨âã¤  ¯à®å®¤¨â ç¥à¥§ ¬ ªá¨¬ã¬.
 íâ® ¢à¥¬ï ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ E(x) ¤®áâ¨£ ¥â ¢¥«¨ç¨­ë E
m
 32,





T  0:33.  ¤ «ì­¥©è¥¬ E
m
¯ -
¤ ¥â ¨ ¢ t=T
oe
> 100 ­¥ ¯à¥¢®áå®¤¨â ¢¥«¨ç¨­ë E
m







 áá¬®âà¨¬ á«ãç © 3¬ á ~n=n
o
= 0:10 ¨ á«ãç © 4¬ á ~n=n
o
= 0:20.
 íâ¨å á«ãç ïå § âãå ­¨¥ ¨£à ¥â áãé¥áâ¢¥­­ãî à®«ì. ® ªà¨-
¢ë¬ W (t) (¨á.9,15) ¢¨¤­®, çâ® § âãå ­¨¥ áâ ­®¢¨âáï áãé¥áâ¢¥­­ë¬ ¢
á«ãç ¥ 3¬ ã¦¥ ¢ t=T
oe
> 30, ¢ á«ãç ¥ 4¬ { ¢ t=T
oe
> 7.  á«ãç ¥ 3¬
áª®à®áâì § âãå ­¨ï ­¥¢¥«¨ª , â ª çâ® ¢®«­  N
e
= 1 § âãå ¥â ®ç¥­ì ¬¥¤-




 200 ­¥§­ ç¨â¥«ì­® ®â«¨ç ¥âáï ®â á«ãç ï 1-1[1] (â ¡«¨æ  4). 
á«ãç ¥ 4¬ § âãå ­¨¥ §­ ç¨â¥«ì­® ¡®«ìè¥ ¨ áà¥¤­ïï  ¬¯«¨âã¤  ¢®«­ë
N
e
= 1 § ¬¥â­® ¯ ¤ ¥â (¨á.16, â ¡«¨æ  4).
 ª ã¦¥ ®â¬¥ç «®áì, á à®áâ®¬  ¬¯«¨âã¤ë ~n=n
o
¨®­­®-§¢ãª®¢®© ¢®«­ë
à áâ¥â áª®à®áâì ª®­¢¥àá¨¨ ¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã¤ë £ à¬®­¨ª ª®­¢¥à-
á¨¨ (¨á.2,10,16). â® ¨ ¯à¨¢®¤¨â ª à®áâã § âãå ­¨ï ¢ á«ãç ïå 3¬, 4¬.
§ ¨á.11,17 ¢¨¤­®, çâ® £ à¬®­¨ª¨ ª®­¢¥àá¨¨, ¯à®©¤ï ç¥à¥§ ¬ ªá¨¬ã¬,
¢ á«ãç ïå 3¬, 4¬ § ¬¥â­® § âãå îâ, ­® ¢ t=T
oe
> 100  150 ¨å áà¥¤­ïï
 ¬¯«¨âã¤  ãáâ ­ ¢«¨¢ ¥âáï ­  ­¥ª®â®à®¬ ¯®áâ®ï­­®¬ ãà®¢­¥. § â ¡«¨-
æë 5 ¢¨¤­®, çâ® ¢ t=T
oe
 180 200 áà¥¤­¨¥ ¨ ¬ ªá¨¬ «ì­ë¥  ¬¯«¨âã¤ë
£ à¬®­¨ª N =  2 ¨ 4 ¢ á«ãç ¥ 4¬ § ¬¥â­® ¬¥­ìè¥ ç¥¬ ¢ á«ãç ¥ 3¬,  
¡®«¥¥ ª®à®âª®¢®«­®¢ë¥ N =  5 ¨ 7, ­ ®¡®à®â, ­¥áª®«ìª® ¡®«ìè¥.
­ «¨§ ¤¢¨¦¥­¨ï ¯à®¡­ëå ç áâ¨æ ­  ä §®¢®© ¯«®áª®áâ¨ ¯®ª §ë¢ ¥â,
çâ® ¢ á«ãç ïå 3¬, 4¬, â ª ¦¥, ª ª ¢ á«ãç ¥ 2¬, ¢ ¯« §¬¥ ä®à¬¨àã¥âáï
âà¨ ®¡« áâ¨ áâ®å áâ¨ç¥áª®£® ¤¢¨¦¥­¨ï. § á®¯®áâ ¢«¥­¨ï £à ­¨æ íâ¨å
®¡« áâ¥© (â ¡«¨æ  6) á ä §®¢ë¬¨ áª®à®áâï¬¨ £ à¬®­¨ª ª®­¢¥àá¨¨ (â -
¡«¨æ  2) ¬®¦­® á¤¥« âì ¢ë¢®¤, çâ® ¢ á«ãç ïå 3¬ ¨ 4¬ ®¡« áâì V > 0
®¯à¥¤¥«ï¥âáï á¨«ì­®© áâ®å áâ¨ç¥áª®© ­¥ãáâ®©ç¨¢®áâìî ¤¢¨¦¥­¨ï í«¥ª-
âà®­®¢ ¯« §¬ë ¢ à ©®­¥ ®¡« áâ¥© § å¢ â  £ à¬®­¨ª N  4,   ®¡« áâì
V < 0 { £ à¬®­¨ª N  j   5j. â¬¥â¨¬, çâ® ¢ á«ãç ¥ 3¬ âà¨ ®¡« áâ¨ ­¥
¯¥à¥á¥ª îâáï.  á«ãç ¥ 4¬ i-®¡« áâì ­¥ ¯¥à¥á¥ª ¥âáï á ®¡« áâìî V < 0,
















¥à­¥¬áï ª ¢®«­¥ N
e
= 1. ® ä §®¢ë¬ ¯«®áª®áâï¬ (¨á.12,18) ¢¨¤­®
çâ® ¢ t=T
oe
> 60  100 ¢áï ®¡« áâì § å¢ â  ¢®«­ë N
e
= 1 § ¯®«­ï¥â-
áï b-í«¥ªâà®­ ¬¨. ­ «¨§ äã­ªæ¨© à á¯à¥¤¥«¥­¨ï b-í«¥ªâà®­®¢ f
b
(V )
(¨á.13,19) ¨ à á¯à¥¤¥«¥­¨ï ¯«®â­®áâ¨ ~n
b
(x) (¨á.14,20) ¯®ª §ë¢ ¥â, çâ®
¢ ®¡®¨å á«ãç ïå f
b




> 100 ¬¥­ïîâáï ­¥§­ ç¨â¥«ì­®.
à¨ íâ®¬ f
b
(V ) ¨ ~n
b
(x) ¨¬¥îâ å à ªâ¥à ¯¨ª®¢. â® ¯®ª §ë¢ ¥â, çâ® ¢®«-
­   ä®à¬¨àã¥âáï ¨ ¢ á«ãç ïå 3¬, 4¬, ­¥á¬®âàï ­  § âãå ­¨¥, ¯à¨ç¥¬
¢ æ¥­âà¥ ®¡« áâ¨ § å¢ â  ¢®«­ë á®åà ­ï¥âáï á£ãáâ®ª § å¢ ç¥­­ëå ç -
áâ¨æ.  á«ãç ¥ 3¬ ¬¨­¨¬ «ì­ë¥ ¨ ¬ ªá¨¬ «ì­ë¥ áª®à®áâ¨ b-í«¥ªâà®­®¢
(â ¡«¨æ  7) ¯®çâ¨ ­¥ ®â«¨ç îâáï ®â á«ãç ï 1-1[1]. â® ¯®§¢®«ï¥â á¤¥-
« âì ¢ë¢®¤, çâ® áâàãªâãà  ¢®«­ë  ¢ íâ®¬ á«ãç ¥ ¡«¨§ª  ª á«ãç î
1-1.  á«ãç ¥ 4¬ V
b
max

















= 8:14. â® ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥ 4¬ ¢®§¡ã¦¤ ¥âáï á â¥««¨â
N
e




â¬¥â¨¬, çâ® áâ®å áâ¨ç¥áª¨© á«®© ¢®«­ë  ­¥ ¯¥à¥á¥ª ¥âáï á®
14














à ¢­¨¬ ¨á.9-14 (á«ãç © 3¬) ¨ ¨á.15-20 (á«ãç © 4¬) á á®®â¢¥âáâ¢ã-
îé¨¬¨ à¨áã­ª ¬¨ á«ãç ¥¢ 3 ¨ 4 ¢ ¯« §¬¥ á ­¥¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ ¢
à ¡®â¥ [5]. à ¢­¥­¨¥ ¯®ª §ë¢ ¥â, çâ® á«ãç ¨ 3¬ ¨ 3 à §«¨ç îâáï ­¥§­ -






(t) (¨á.8,21) ¨ à á¯à¥¤¥«¥­¨î ¯«®â­®áâ¨ ~n(x) ¢ à §-
­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ (¨á.14,20) ¢¨¤­®, çâ® ~n(x) ¨ ~n
III
(t) ¨§¬¥­ïîâáï
­¥§­ ç¨â¥«ì­®. â® ¯®ª §ë¢ ¥â, çâ® ¬®¤ã«ïæ¨®­­ ï ­¥ãáâ®©ç¨¢®áâì ­¥
à §¢¨¢ ¥âáï ¨ ¢ íâ¨å á«ãç ïå. ¥¡®«ìè®¥ ¢®§¬ãé¥­¨¥ ~n
III
(t) á ¬ ªá¨-







ª®¬¯®­¥­âë áâ®ïç¥© ¢®«­ë, ¯®-¢¨¤¨¬®¬ã, ¨¬¥¥â âã ¦¥ ¯à¨à®¤ã, çâ® ¨ ¢
á«ãç ¥ 2¬. ¥©áâ¢¨â¥«ì­®, ¢ t  t
I
max
¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ E(x) ¢ á«ã-
ç ïå 3¬ ¨ 4¬ ¤®áâ¨£ ¥â ¢¥«¨ç¨­ë E
m











T ¯ ¤ ¥â ¤® ¢¥«¨ç¨­ë
 0:1.
¤­ ª® ¢ á«ãç ïå 3¬ ¨ 4¬ ¯®ï¢«ï¥âáï ­®¢ë© íää¥ªâ. ¥©áâ¢¨â¥«ì­®,
¯® ªà¨¢ë¬ ~n
N
(t) ¢¨¤­®, çâ®  ¬¯«¨âã¤  ¨®­­®-§¢ãª®¢®© ¢®«­ë N
i
= 3
ã¬¥­ìè ¥âáï, ®¤­®¢à¥¬¥­­® à áâãâ  ¬¯«¨âã¤ë £ à¬®­¨ª, N
i
= 6 ¨ 9
(¨á.8,21). â® ¯®ª §ë¢ ¥â, çâ® ¯à®¨áå®¤¨â ãªàãç¥­¨¥ ¨®­­®-§¢ãª®¢®©
¢®«­ë. ¥©áâ¢¨â¥«ì­®, ¢ á«ãç ¥ 4¬ ãªàãç¥­¨¥ ç¥âª® ¢¨¤­® ¯® ªà¨¢ë¬
~n(x) (¨á.20),   â ª¦¥ ¯® ä §®¢ë¬ ¯«®áª®áâï¬ ¨®­®¢ (¨á.23). ® ä §®-
¢ë¬ ¯«®áª®áâï¬ ¢¨¤­®, çâ® ãªàãç¥­¨¥ ¢®«­ë ¯à¨¢®¤¨â ª § å¢ âã ¨®­®¢.
 à¥§ã«ìâ â¥ ãªàãç¥­¨ï ¨ § å¢ â  à áâ¥â í­¥à£¨ï ¨®­®¢ (¨á.22).
 §¢¨â¨¥ £ à¬®­¨ª N
i
= 6 ¨ 9 ¯à¨ ãªàãç¥­¨¨ ¯à¨¢®¤¨â ª ª®­¢¥àá¨¨
®á­®¢­®© ¢®«­ë ¨ ­  ­¨å, ¢ à¥§ã«ìâ â¥ ç¥£® ¢®§¡ã¦¤ îâáï ¡®«¥¥ ª®à®âª®-
¢®«­®¢ë¥ £ à¬®­¨ª¨, çâ® ¯à¨¢®¤¨â ª ¡®«¥¥ ¡ëáâà®¬ã § âãå ­¨î. â®â
íää¥ªâ áâ ­®¢¨âáï § ¬¥â­ë¬ ¢ á«ãç ¥ 4¬, çâ® ¢¨¤­® ¯à¨ áà ¢­¥­¨¨ ªà¨-
¢ëå W (t), E
I
(t) ¤«ï á«ãç ï 4¬ ¨ á«ãç ï 4[6].
¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯® ¨áá«¥¤®¢ ­¨î ­¥ãáâ®©ç¨¢®áâ¨ ¯ãçª  ¢
®¤­®à®¤­®© ¯« §¬¥ [1] ¢ë¯®«­ï«¨áì á ¬®¤¥«ì­ë¬ ®â­®è¥­¨¥¬ ¬ áá ¨®­ 
¨ í«¥ªâà®­  M=m = 10
2
, çâ®¡ë ®¡«¥£ç¨âì ­ ¡«î¤¥­¨¥ íää¥ªâ®¢, á¢ï§ ­-
­ëå á ¯®¤¢¨¦­®áâìî ¨®­®¢, ¢ ç áâ­®áâ¨, ¬®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨¢®áâ¨.
 â ª¨¬ ¦¥ ®â­®è¥­¨¥¬ M=m = 10
2
¯à®¢®¤¨«¨áì ç¨á«¥­­ë¥ íªá¯¥à¨-
¬¥­âë ¢ á«ãç ïå 2­,3­,4­ á ¯ à ¬¥âà ¬¨ á«ãç ¥¢ 2¬, 3¬, 4¬ ¢ ¯« §¬¥ á
¨®­­®-§¢ãª®¢®© ¢®«­®©.
15
ë«® ­ ©¤¥­®, çâ® ¢ á«ãç ïå 2­-4­, â ª ¦¥, ª ª ¢ á«ãç ïå 2¬-4¬, à §-
¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª ä®à¬¨à®¢ ­¨î ¢®«­ë .
 à ««¥«ì­® à §¢¨¢ ¥âáï ª®­¢¥àá¨ï, § âãå ­¨¥ ¨ ä®à¬¨àãîâáï âà¨ ®¡« -
áâ¨ áâ®å áâ¨ç¥áª®£® ¤¢¨¦¥­¨ï.  §¢¨â¨¥ íâ¨å ¯à®æ¥áá®¢ ¨¬¥¥â ®¤¨­ ª®-
¢ë© å à ªâ¥à ¢ á«ãç ïå 2­-2¬, 3­-3¬, 4­-4¬. ®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨-
¢®áâ¨ ¢ á«ãç ïå 2­-4­ ­¥ ­ ¡«î¤ ¥âáï â ª ¦¥, ª ª ¢ á«ãç ïå 2¬-4¬.
ãé¥áâ¢¥­­ãî à®«ì ¢ á«ãç ïå 2­-4­ ¨£à ¥â ¡®«¥¥ ¡ëáâà®¥, ç¥¬ ¢ á«ã-





= 54). à®¬¥ â®£®, ¢ t=T
oe
> 100 áâ ­®¢ïâáï áãé¥áâ¢¥­­ë-
¬¨ ¯ à §¨â­ë¥ ¨®­­®-§¢ãª®¢ë¥ èã¬ë, ª®â®àë¥ ¯à¨¢®¤ïâ ª ª®­¢¥àá¨¨ ¢
ª®à®âª®¢®«­®¢ë¥ £ à¬®­¨ª¨ ¨ ª ¯ à §¨â­®¬ã § âãå ­¨î. â® § âãå ­¨¥
¯à®ï¢«ï¥âáï ã¦¥ ¢ á«ãç ¥ 2­.
á¯®«ì§®¢ ­­®¥ ¢ ­ áâ®ïé¥© à ¡®â¥ à¥ «ì­®¥ ®â­®è¥­¨¥ ¬ ááM=m =
2  10
3
, ¡«¨§ª®¥ ª M=m ¤«ï ¢®¤®à®¤ , ¯®§¢®«ï¥â ¯à ªâ¨ç¥áª¨ ¨áª«îç¨âì
¨®­­®-§¢ãª®¢ë¥ èã¬ë ¤® t=T
oe
 200 (¨á.7,8,21) ¨ § ¤ ¥â à¥ «ì­®¥ á®®â-
­®è¥­¨¥ ¢à¥¬¥­¨ ä®à¬¨à®¢ ­¨ï ¢®«­ë , ãªàãç¥­¨ï ¨®­­®-§¢ãª®¢®©
¢®«­ë ¨ § å¢ â  ¥î ¨®­®¢.
 à ¡®â å [1,5,6] ¨ ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤®¢ ­  ­¥ãáâ®©ç¨¢®áâì ¯ãç-









= 5  10
 3
¢ ®¤­®à®¤­®© ¯« §¬¥ [1] ¨ ¯« §¬¥ á ¢®§¬ãé¥­¨¥¬ ¯«®â-





 ©¤¥­®, çâ® à §¢¨â¨¥ ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâ¨ ¯à¨¢®¤¨â ª ä®à¬¨-
à®¢ ­¨î ¢®«­ë  ª ª ¢ ®¤­®à®¤­®© [1], â ª ¨ ¢ ­¥®¤­®à®¤­®© ¯« §¬¥
á ­¥¯®¤¢¨¦­ë¬¨ [5,6] ¨ ¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ ¯à¨ M=m = 10
2
¨ 2  10
3
.
 ­¥®¤­®à®¤­®© ¯« §¬¥ ¯ à ««¥«ì­® á ¯ãçª®¢®© ­¥ãáâ®©ç¨¢®áâìî à §-
¢¨¢ ¥âáï ª®­¢¥àá¨ï ¢®«­ë ­  ¢®§¬ãé¥­¨¨ ¯«®â­®áâ¨, ª®â®à ï ¯à¨¢®¤¨â




;  = 1; 2; 3:::. à¨
¬ «ëå  ¬¯«¨âã¤ å ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ~n=n
o
< 0:1, ª®£¤  áª®à®áâì
à §¢¨â¨ï ª®­¢¥àá¨¨ ¬ «  ¯® áà ¢­¥­¨î á® áª®à®áâìî § å¢ â  ¨ "à §-
¬¥è¨¢ ­¨ï"í«¥ªâà®­®¢ ¯ãçª  ¢ ¢®«­¥, ª®­¢¥àá¨ï ¯®¤ ¢«ï¥âáï. ®à¬¨-
àãîé ïáï ¢®«­   ¨¬¥¥â ª¢ §¨áâ æ¨®­ à­ë© å à ªâ¥à ¨ á®åà ­ï¥â
ãáâ®©ç¨¢®áâì, ¢ ç áâ­®áâ¨, ®â­®á¨â¥«ì­® ¬®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨¢®-
áâ¨, ¢ â¥ç¥­¨¥ ¤«¨â¥«ì­®£® ¢à¥¬¥­¨.
à¨ ¡®«ìè¨å  ¬¯«¨âã¤ å ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ~n=n
o
> 0:1 à®«ì
ª®­¢¥àá¨¨ ¢®§à áâ ¥â.  à ©®­¥ ®¡« áâ¥© § å¢ â  £ à¬®­¨ª ª®­¢¥àá¨¨
à §¢¨¢ ¥âáï á¨«ì­ ï áâ®å áâ¨ç¥áª ï ­¥ãáâ®©ç¨¢®áâì ¤¢¨¦¥­¨ï í«¥ªâà®-
­®¢ ¯« §¬ë, çâ® ¯à¨¢®¤¨â ª § âãå ­¨î í«¥ªâà¨ç¥áª®£® ¯®«ï. ¤­ ª®, ¨
¢ íâ¨å á«ãç ïå ¢®«­   á®åà ­ï¥âáï ¢ â¥ç¥­¨¥ ¤«¨â¥«ì­®£® ¢à¥¬¥­¨,
16
å®âï ¥¥  ¬¯«¨âã¤  ¯®áâ¥¯¥­­® ã¬¥­ìè ¥âáï. ®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨-
¢®áâ¨ ­¥ ­ ¡«î¤ ¥âáï ¨ ¢ íâ¨å á«ãç ïå.
â¨ à¥§ã«ìâ âë á®£« áãîâáï á à¥§ã«ìâ â ¬¨ ç¨á«¥­­ëå íªá¯¥à¨¬¥­-
â®¢ ¯® ¨áá«¥¤®¢ ­¨î ãáâ®©ç¨¢®áâ¨ ¢®«­ë  ¢ ®¤­®à®¤­®© ¯« §¬¥ á ¯®-
¤¢¨¦­ë¬¨ ¨®­ ¬¨ (M=m = 10
2
)[8] ¨ ¢ ¯« §¬¥ á ¢®§¬ãé¥­¨¥¬ ¯«®â­®áâ¨
{ ¨®­­®-§¢ãª®¢®© ¢®«­®© á ­¥¯®¤¢¨¦­ë¬¨ [9] ¨ ¯®¤¢¨¦­ë¬¨ (M=m = 10
2
)
¨®­ ¬¨ [10].  íâ¨å à ¡®â å ¯à®¢®¤¨«®áì áà ¢­¥­¨¥ ãáâ®©ç¨¢®áâ¨ ¢®«­ á
¯ à ¬¥âà ¬¨, ¡«¨§ª¨¬¨ ª á«ãç ï¬, à áá¬®âà¥­­ë¬ ¢ ­ áâ®ïé¥© à ¡®â¥.
ë«® ­ ©¤¥­®, çâ® ¢ á¨áâ¥¬¥, ¨áª«îç îé¥© à §¢¨â¨¥ á â¥««¨â­®©
­¥ãáâ®©ç¨¢®áâ¨, ¢®«­   á ¡®«ìè®© ä §®¢®© áª®à®áâìî ¨ ¬ «®©  ¬-
¯«¨âã¤®© ¢ ®¤­®à®¤­®© ¯« §¬¥ ®áâ ¥âáï ãáâ®©ç¨¢®© ¢ â¥ç¥­¨¥ ¤«¨â¥«ì-
­®£® ¢à¥¬¥­¨, ¢ â® ¢à¥¬ï ª ª à §¢¨â¨¥ «¥­£¬îà®¢áª®© ¢®«­ë á ¡«¨§ª¨¬¨
¯ à ¬¥âà ¬¨ ¯à¨¢®¤¨â ª ¬®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨¢®áâ¨ [8a].  ¯« §-
¬¥ á ¢®§¬ãé¥­¨¥¬ ¯«®â­®áâ¨ { ¨®­­®-§¢ãª®¢®© ¢®«­®© á ­¥¯®¤¢¨¦­ë¬¨
[9a] ¨ ¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ [10a] ¯à¨ ¬ «ëå ~n=n
o
< 0:1 ¢ á«ãç ¥ ¢®«­ë
 ª®­¢¥àá¨ï ¯®¤ ¢«ï¥âáï ¨ ¢®«­   ®áâ ¥âáï ãáâ®©ç¨¢®© ¢ â¥ç¥­¨¥
¤«¨â¥«ì­®£® ¢à¥¬¥­¨ [9a,10a].  á«ãç ¥ «¥­£¬îà®¢áª®© ¢®«­ë ª®­¢¥àá¨ï
à §¢¨¢ ¥âáï á¢®¡®¤­® [9a] ¨ ¢ ¯« §¬¥ á ¯®¤¢¨¦­ë¬¨ ¨®­ ¬¨ á®¯à®¢®¦¤ -
¥âáï ¬®¤ã«ïæ¨®­­®© ­¥ãáâ®©ç¨¢®áâìî [10a]. à¨ ¡®«ìè¨å ¢®§¬ãé¥­¨ïå
¯«®â­®áâ¨ ~n=n
o
 0:1 ®¯à¥¤¥«ïîéãî à®«ì ¨£à îâ ª®­¢¥àá¨ï ¨ § âãå ­¨¥
¨ ¢®«­   â¥àï¥â ãáâ®©ç¨¢®áâì [9,10].
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¨á. 2:  ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ¢®«­ë N = 1 ¨ £ à¬®­¨ª
N = 2 10. «ãç © 2¬.
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¨á. 5: ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯® áª®à®áâï¬ í«¥ªâà®­®¢ ¯« §¬ë ¨
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¨á. 6:  á¯à¥¤¥«¥­¨¥ ¯®«ï E(x), ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ¯« §¬ë ~n(x) ¨
¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ í«¥ªâà®­®¢ ¯ãçª  ~n
b
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¨á. 7:  ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ¨®­­®-§¢ãª®¢®© ¢®«­ë
N
i
= 3 ¨ £ à¬®­¨ª N
i
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¨á. 8:  ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ¨®­­®-§¢ãª®¢®© ¢®«­ë
N
i
= 3 ¨ £ à¬®­¨ª N
i
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¨á. 10:  ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ¢®«­ë N = 1 ¨ £ à¬®­¨ª
N = 2 10. «ãç © 3¬.
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¨á. 13: ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯® áª®à®áâï¬ í«¥ªâà®­®¢ ¯« §¬ë ¨
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¨á. 14:  á¯à¥¤¥«¥­¨¥ ¯®«ï E(x), ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ¯« §¬ë ~n(x) ¨
¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ í«¥ªâà®­®¢ ¯ãçª  ~n
b
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¨á. 16:  ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨  ¬¯«¨âã¤ë ¢®«­ë N = 1 ¨ £ à¬®­¨ª
N = 2 10. «ãç © 4¬.
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¨á. 19: ã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ¯® áª®à®áâï¬ í«¥ªâà®­®¢ ¯« §¬ë ¨
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¨á. 20:  á¯à¥¤¥«¥­¨¥ ¯®«ï E(x), ¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ ¯« §¬ë ~n(x) ¨
¢®§¬ãé¥­¨ï ¯«®â­®áâ¨ í«¥ªâà®­®¢ ¯ãçª  ~n
b
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